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A new class of (nonlinear) operators of monotone type is introduced: a 
mapping T from the real Banach space X into the set Y* of all subsets of the 
conjugate space X* is said to be generalized pseudo-monotone if for any sequence 
{uj} in the effective domain of T with uj - u in X and any corresponding 
sequence wj - w in X*, wj E Tu, , for which lim sup(w, - w, uj - u) < 0, 
it follows that w E Tu and (wj , uj) -+ (w, u). It is shown that most of the known 
mappings of monotone type are generalized pseudo-monotone, as, for example, 
maximal monotone and pseudo-monotone mappings. The class of generalized 
pseudo-monotone mappings is then investigated in detail. An important part 
of that study is devoted to the discussion of the range of a generalized pseudo- 
monotone mapping. 
In its original and simplest form, the theory of monotone operators 
from a real Banach space X into its conjugate space X* considers 
mappings T which satisfy the condition 
(Tu - TV, u - v) > 0 
for all u and v in X, where (w, u) denotes the duality pairing between 
the element w of X* and the element u of X. In order to make possible 
a sharp treatment of existence problems for solutions of nonlinear 
partial differential equations (particularly of elliptic and parabolic 
type) within the framework of the theory of monotone operators, 
various generalizations of the concept of monotone mapping have 
been introduced. One of the most important of these extensions is the 
concept of pseudo-monotone operator introduced by BrCzis [I] which 
seems to have the most appropriate degree of generality for the treat- 
ment of elliptic problems, while another important generalization is 
that of the (possibly multivalued) maximal monotone mapping from X 
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into the set 2x* of all subsets of X*. Maximal monotone operators 
have first been treated for X a Hilbert space by Minty [12], for a 
general reflexive Banach space by Browder [4-91 and subsequently by 
Rockafellar [ 13-141, B r&is [2] and BrCzis-Crandall-Pazy [3]. 
It is our purpose in the present paper to consider a new direction 
of generalization which combines the characteristic features both of 
the theories of pseudo-monotone and maximal monotone mappings. 
Before proceeding to the detailed discussion, we give a survey of our 
basic definitions and results and indicate some important unsolved 
problems. 
The original definition of pseudo-monotonicity for a mapping T 
from X into X* as given by B&is [l] involves the following two 
conditions: 
(i) T is finitely continuous, and for any bounded filter {Us} of 
elements of X such that (Us} converges weakly to u in X while 
lim sup(Tu, , U, - U) < 0, 
the relation 
lim inf(Tu, , U, - v) > (TV, u - U) 
holds for each v E X. 
(ii) The function gV(u) = (Tu, u - V) is bounded from below 
on X, uniformly for bounded v in X. 
As was already observed in [9], for the case where X is a reflexive 
Banach space (and this is certainly the serious case for the theory), we 
can dispense with filters and consider only ordinary sequences, while 
replacing single-valued operators by multivalued mappings, i.e., 
mappings from X into 2 X*. In our definition of pseudo-monotonicity 
we further drop the condition (ii) of Brezis above. 
DEFINITION 1. Let T be a mapping from the real reflexive Banach 
space X into 2x*. Then T is said to be pseudo-monotone from X into 
2X’ if the following conditions hold: 
(a) The set Tu is nonempty, bounded, closed and convex for all 
24 E x. 
(b) T is upper semicontinuous from each finite-dimensional 
subspace F of X to the weak topology on X*, i.e., to a given element 
u0 E F and a weak neighborhood V of Tu, in X* there exists a neigh- 
borhood U of u0 in F such that Tu C V for all u E CT. 
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(c) If (ZQ} is a sequence in X converging weakly to U, and if 
wi E Tu, is such that lim sup(wj , ui - u) < 0, then to each element 
ZI E X there exists W(D) E Tu with the property that 
lim inf(wj , ui - V) > (w(v), 24 - 2~). 
The dropping of Brezis’ condition (ii) is interesting from a number 
of points of view. It implies first of all that our class of pseudo- 
monotone operators includes the whole class of maximal monotone 
mappings defined effectively on the whole of X, without additional 
side conditions such as boundedness. Second, it indicates a point of 
reference for a more important objective, namely, to extend the theory 
of pseudo-monotone mappings to a systematic theory of mappings 
which are not everywhere defined on X nor continuous even in the 
mildest sense. A first step in the latter process is to begin with the 
following definition for T to be a generalized pseudo-monotone 
mapping: 
DEFINITION 2. A mapping T from X into 2x’ is said to be 
generalized pseudo-monotone if the following is satisfied: For any 
sequence {uj} in X and a corresponding sequence {wj} in X* with 
wi E Tui , with {z+> converging weakly to U, (wj) converging weakly 
to w, such that 
lim SUp(Wj , Uj - fl) < 0, 
the element w lies in Tu and (We , uj) --t (w, u). 
The following Proposition is immediately implied by the definition 
of generalized pseudo-monotonicity: 
PROPOSITION 1. A mapping T from X into 2x’ is generalized 
pseudo-monotone if and only zy T-l is generalized pseudo-monotone from 
X* into 2x. 
Every pseudo-monotone mapping in our sense is generalized 
pseudo-monotone, but so is every maximal monotone mapping from 
X into 2x*. It is therefore of interest to try to construct a theory of 
generalized pseudo-monotone mappings to include the pseudo- 
monotone and maximal monotone cases but hopefully a good deal 
beyond. 
An important question at the beginning of this theory is that of 
when the sum of two generalized pseudo-monotone mappings Tl 
and T, is also generalized pseudo-monotone. Here some restrictions 
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must be imposed on the summands, and the most natural ones can be 
derived by a detailed consideration of BrCzis’ condition (ii) above. If 
condition (ii) holds for the mapping T from X into X*, then there 
exists a continuous nondecreasing function h from 
to R+, such that 
R+={tERl:t>O} 
i.e., 
Hence 
I/ Tu II = ,;;$T~> 4 < (Tu, u) + 41). 0. 
We generalize this condition as follows: 
DEFINITION 3. Let T be a mapping from X into 2x*. Then T is 
said to be quasi-bounded if for each M > 0 there exists K(M) > 0 
such that whenever [u, w] lies in the graph G(T) of T and 
then 
T is strongly quasi-bounded if for each M > 0 there exists 
K(M) > 0 such that for all [u, w] E G(T) with 
we have 
In addition to bounded mappings where j/ w 11 is bounded when 
j/ u 11 is bounded, the strongly quasi-bounded mappings include mono- 
tone mappings T which have 0 as an interior point of their effective 
domain D(T) = { u E X : Tu # 4}, In terms of these definitions, the 
sum Tl + T2 of two generalized pseudo-monotone mappings is again 
generalized pseudo-monotone if Tl is quasi-bounded and there exists 
a continuous function h from Rf into RI such that 
(WV 4 2 - WI u II> IIu II 
for all [u, w] E G(T,) (Theorem 1). 
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Our basic objective in this paper is then to study the range R(T) 
of a generalized pseudo-monotone mapping. Since the generalized 
pseudo-monotonicity property of a monotone mapping T does not 
imply its maximality, we can not expect that existence results for 
generalized pseudo-monotone mappings can be derived without 
further assumptions even in the coercive case, i.e., when there exists a 
function c : R+ + R1 with Em,,, c(r) = + GO such that 
(3 4 3 4 u II> II 24 II for all [u, w] E G(T). 
We therefore introduce the following definitions. 
DEFINITION 4. An operator T from X into 2x* is called smooth 
if it is bounded, coercive, maximal monotone, and has effective domain 
D(T) = X. 
DEFINITION 5. Let T be a generalized pseudo-monotone mapping 
from X into 2x*. Then T is said to be regular if R( T + T2) = X* for 
each smooth operator T2 . 
It is known that, in our terminology, a monotone mapping T from 
a reflexive space X into 2x* with 0 E D(T) is regular if and only if it is 
maximal monotone [9, Section 71. We survey the class of regular gen- 
eralized pseudo-monotone mappings in the following 
THEOREM. Let X be a real reflexive Banach space, T a mapping 
from X into 2x*. Then T is regular generalixed pseudo-monotone if it lies 
in one of the following classes of mappings: 
(1) Maximal monotone mappings with 0 E D(T). 
(2) Pseudo-monotone mappings T such that for a given constant k 
(w, u) > - k jj u /I for all [u, w] E G(T). 
(3) Quasi-bounded generalized pseudo-monotone mappings T, 
provided there exists a dense linear subspace X0 of X, X0 C D(T), such 
that Tu is a nonempty bounded closed convex subset of X* for each 
u E D(T) and T is upper semicontinuous from each finite-dimensional 
subspace of X,, into 2X*, with X* given its weak topology, while there 
exists a constant k such that for all [u, w] E G(T), (w, u) 3 - k jl u /I . 
(4) T = Tl + To , where TI is maximal monotone with 0 E D( T,), 
while T, is a regular generalized pseudo-monotone mapping such that for 
a given constant k, (2, u) > - k (1 u /I for all [u, z] E G(T,,), and either 
T,, is quasi-bounded or TI is strongly quasi-bounded. 
In Section 1 we begin with a detailed discussion of general pro- 
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perties of generalized pseudo-monotone mappings. It is shown that 
the class of generalized pseudo-monotone mappings contains the 
maximal monotone as well as the pseudo-monotone operators. In 
Theorem 2, an interesting result on the range of a regular generalized 
pseudo-monotone mapping is established. We prove that if the inverse 
mapping T-i is bounded, and if (w, U) > - k 11 u 11 for all [u, w] E G(T) 
and a constant k, then R(T) = X*. 
Section 2 contains a closer investigation of the class of pseudo- 
monotone mappings from X into 2x*. After proving the possibility 
of an alternate definition of pseudo-monotonicity, we show that every- 
where defined maximal monotone mappings are pseudo-monotone 
from X into 2x’. We further p rove that the class of pseudo-monotone 
mappings is invariant under addition. The rest of this Section is 
devoted to the proof of the regularity of pseudo-monotone mappings 
(assertion (2) of the above Theorem). 
In Section 3 we give a basic result, Thereom 5, concerning the 
range of generalized pseudo-monotone mappings T which are not 
necessarily derived from pseudo-monotone or maximal monotone 
operators but satisfy the conditions listed in assertion (3) of the above 
Theorem. The proof of Theorem 5 is given in two stages, first for the 
case of X separable, and then, after an important methodological result 
in Proposition 11 on the possibility of structuring Galerkin approxima- 
tions, for the nonseparable case. As a consequence, the regularity 
assertion (3) of our survey Theorem follows. 
In Section 4 we treat the range of mappings of the form T + To 
with T maximal monotone and To generalized pseudo-monotone, 
introducing a multivalued generalization of an approximation process 
for maximal monotone mappings given by BrCzis-Crandall-Pazy 
in [3]. In particular we prove assertion (4) of our above Theorem as 
well as a result for T + To under the metric hypothesis 
I Tu I d 4 u II> I Tou I + 41 u II>> cl)(r) < 1, 
extending a result for maximal monotone mappings due to BrCzis- 
Crandall-Pazy [3], which is rederived as an easy consequence. Results 
for maximal monotonicity of T + To with both T and T,, maximal 
monotone and T quasi-bounded are given in Theorem 9, with the 
derivation in Theorem 10 of Rockafellar’s theorem [14] when 
in@(T)) n D(TJ # 9. 
In Section 5 we apply our existence theorems to the case of non- 
linear variational inequalities for regular generalized pseudo-monotone 
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mappings in Theorem 14, and then strengthen these assertions for the 
case of pseudo-monotone operators (Theorem 15). 
The most significant problem which the results of the present 
paper point towards but answer only partially is that of finding a 
method of treating generalized pseudo-monotone mappings which are 
not defined everywhere or on a dense linear subspace. Even in the 
quasi-bounded case, what is needed most explicitly is a usable variant 
for partially defined generalized pseudo-monotone mappings of the 
Debrunner-Flor monotone extension theorem [IO] and its multi- 
valued extensions in Browder [5]. 
1. THE CLASS OF GENERALIZED PSEUDO-MONOTONE OPERATORS 
We start our detailed discussion with an investigation of the class 
of generalized pseudo-monotone mappings and give first some exam- 
ples of generalized pseudo-monotone operators. 
PROPOSITION 2. A maximal monotone mapping T from the Banach 
space X into 2x* is generalized pseudo-monotone. 
Proof. We recall that the mapping T is monotone if for any 
[u, w] E G(T) and [x, y] E G(T), we have 
(w -y, u - x) 2 0. 
T is said to be maximal monotone if it is maximal in the sense of 
inclusion of graphs in the family of monotone maps from X into 2X’. 
Let {z+} be a sequence in X converging weakly to u E X, (ui} a 
sequence in X* with wj E Tu, and with wi - w E X*‘). Suppose that 
lim sup(wj , ui - U) < 0, i.e., lim sup(wi , UJ < (w, u). Let [x, y] 
be an arbitrary element of the graph G(T). By the monotonicity of T, 
(wi - y, ui - x) > 0 for each j. Further, 
(Wi > %) = (Wj - Y, *j - 4 + (Wi 7 4 + (Y, Ui) - (y, x), 
where 
(Wi 3 4 + (Y, 4 - (Y, 4 - (w, -4 + (Y, 4 - (Y, 4. 
Hence 
h 4 2 Jim sup(euj, 4 2 (w, -4 + (Y, 4 - (Y, 4, 
1 We use the symbols “+” and “-” to denote strong and weak convergence, 
respectively. 
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i.e., 
(w - y, u - x) 3 0. 
Since this last relation holds for all [x, y] E G(T) and T is assumed to 
be maximal monotone, w E Tu. Consequently, 
for all j, i.e., 
(Wj - w, uj - u) 3 0 
lim inf(wj , z+) 3 lim[(wj , u) + (w, uj - 24)] = (w, u). 
It follows that (wj , uj) 4 (w, u), which proves the generalized 
pseudo-monotonicity of T. 
As a vindication of our terminology, we now establish the following: 
PROPOSITION 3. Let X be a rejlexive Banach space, T a pseudo- 
monotone mapping from X into 2x*. Then T is generalized pseudo- 
monotone. 
Proof. Let {[uj , wi]) be a sequence in G(T) converging weakly 
to [u, w] in X X X* while lim sup(wi , uj - U) < 0. Since T is 
pseudo-monotone, for each v E X there exists w(v) E Tu such that 
lim inf(wj , ui - v) > (w(o), u - v). 
By passing to an infinite subsequence, we may assume that 
(wj , uj) --t p for some real number p. Then 
lim sup(wj , uj - 24) = p - (w, 24) < 0, 
i.e., p < (w, u). Furthermore, 
p - (w, 93) > lim inf(wj , uj - u) 3 (w(O), u - v), 
i.e., 
(w, u - v) 3 (w(v), u - v) 
for all u E X. 
(1) 
We assert that w E Tu. By condition (a) in the definition of pseudo- 
monotonicity, Tu is a closed convex subset of X*. If w would not lie 
in Tu, there would exist an element x E X such that 
choosing v = u - x in (l), we then would obtain a contradiction. 
Finally we note that 
lim inf(wj , uj - u) > (w(u), 24 - u) = 0, 
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i.e., lim inf(zui , z+) 3 (w, u). Since we already know that 
lim sup(eui , UJ < (w, u), it follows that (eoj , ui) + (eo, u), Q.E.D. 
The following converse of Proposition 3 holds: 
PROPOSITION 4. Let the Banach space X be rejexive, and suppose T 
is a bounded generalized pseudo-monotone mapping from X into 2x*. 
Assume that for each u E X, Tu is a nonempty closed convex subset of X*. 
Then T is pseudo-monotone. 
Proof. It s&ices to prove that T is upper semicontinuous from X 
into 2x*, and that for any sequence {ui} C X converging weakly to 
some u E X, for which lim sup(wi , uj - u) < 0 with wj E Tuj , we 
have 
lim inf(wj , uj - 24) 3 (w(v), 24 - v) 
for each v E X and some w(v) E Tu. 
For the second of these facts, we note that the sequence {wJ is 
bounded. Suppose now the pseudo-monotonicity condition is not 
valid. Then there exists v E X such that 
lim inf(wj , ui - v) < jhf(z, u - v). 
By passing to an infinite subsequence, we may assure that 
lim(wj , uj - v) < h-&(x, u - v), 
and using the fact that the sequence {wJ is bounded, we may assume 
by choosing a further infinite subsequence that {wJ converges weakly 
to some element w E X*. By the generalized pseudo-monotonicity, it 
follows that w E Tu, and that (wj , ui) ---t (w, u). Hence 
lim(wj , uj - V) = (20, 24 - w) < /I~I-I(z, u - v), 
a contradiction. 
For the first fact, suppose {uj} is a sequence in X converging 
strongly to u E X, and that wi E Tuj for each j. Let V be a weak open 
neighborhood of Tu in X”. We must show that wi E V for j sufficiently 
large. Suppose this is not true. Then by choosing an infinite subse- 
quence, we can assume that wj E X* - V for all j. We can further 
assume that the bounded sequence {wi} converges weakly to an element 
w of the weakly closed set X* - V. On the other hand, 
(Wj ) uj - u) --f 0 
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by the strong convergence of {uj} to u and the boundedness of (~~1. 
Hence, to each u E X there exists by the already shown an element 
W(U) E Tu such that 
(w, u - u) = lim(wj , uj - u) 3 (w(n), u - u). 
Since Tu is closed and convex, while w does not lie in Tu, we can find 
an element v0 E X such that 
which yields a contradiction. Hence T is upper semicontinuous from X 
to 2x* > with X* given its weak topology. Q.E.D. 
Next we show that, under some additional assumptions, the sum 
of two generalized pseudo-monotone mappings is again generalized 
pseudo-monotone. 
THEOREM 1. Let X be a reflexive Banach space, TI and T, two 
generalized pseudo-monotone mappings of X into 2”. Suppose that TI 
is quasi-bounded, and that there exists a continuous function h from Rf 
to R1 such that for all [u, w] E G(T,), (w, u) >, - h(ll u 11) 11 u Ij . Then 
( TI + T,) is generalized pseudo-monotone. 
Proof. Suppose that (I.+} converges weakly to u in X, and consider 
a sequence {wi} in X* which converges weakly to an element w of X* 
with We E ( TI + Tz) uj for each j, and such that 
For each j, 
lim SUp(Wj , Uj - 24) < 0. 
Wj = W1.j C w2J; wl,j E Tluj > W2.j E Tsuj . 
Since {uj> and {wj) converge weakly, they are bounded. Let M be an 
upper bound for all j for (/ ui (/ + /I wj (/ . By our hypothesis on T2 , 
Cw2.i 9 %) 3 - 411 4 II) II Ki II 3 - Ml I/ Uj /I 9 j> 1, 
where the constant MI depends only upon M and the continuous 
function h(r). Hence 
Cwl.i 9 %I = Cwj 3 %) - (w2,f 3 %I < tM + n/rr,) II % II 
for all j 3 1. Since TI is assumed to be quasi-bounded, it follows that 
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there exists a constant M, , depending only upon M and Ml, such 
that for all j > 1, 
Finally we have 
II w2,j II ,< II wj II + II wl,j II G M + M2 = n/r, Y j> 1. 
To prove that ( TI + Ta) is a generalized pseudo-monotone mapping 
from X into 2x*, we must show that for each sequence {[z+. , w$]} as 
above, the weak limit [IL, w] lies in G(T) and (wj , z+) -+ (w, u). Since 
the sequence of real numbers {(wi , z+)} is bounded, we may choose 
an infinite subsequence of the integers j, and (denoting the new 
sequence by the same index), we may assume without loss of general- 
ity that (wi , uj) +p for some real number p. We need then to show 
only that p = (w, u), and that [u, w] E G(T). We may pass to further 
infinite subsequences without weakening the force of the argument, 
and may assume that for the original sequence, (w~,~} converges 
weakly to w, in X*, {~a,~} converges weakly to wa in X*, for elements 
w1 and wa in X* such that w = wr + wa , while 
(W1.i I %> -+A ) (W2,j 7 4 --+ Pz Y where P=P, +p2. 
By hypothesis on the given sequence, lim sup(wi , uj - U) < 0, 
i.e., lim s~p[(wr,~ , uj - 24) + (w 2,j , Uj - U)] < 0. Our specializing 
assumptions of the preceding paragraph imply that 
twl.j F % - u, +Pl - twl 7 u>, (W2.i I uj - 4 -+ P, - (w2 7 @I. 
Hence 
We assert that indeed the stronger conclusion p, - (wl, u) < 0, 
Pz - (3 F U) < 0 follows. Suppose that this is not the case, and that, 
for example, p, - (wr , u) = X > 0. Then since 
A- (Wl> u)+p,-(w,,u),<O, 
it follows that pa - (w2 , U) < - X < 0. Applying the fact that T, is 
generalized pseudo-monotone, it would then follow that 
(W2,i 9 Uj) - (w2 > u). The last conclusion is equivalent to asserting 
under the present circumstances that pa = (wz , u), so that we have 
0 = P2 - (w2, U) < - h < 0, which is a contradiction. Hence 
Pl G (Wl? u), and similarly p, < (w2 , u). 
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Thus, we have shown that 
lim(w , uj - U) = p, - (wl , 24) < 0, 
lim(w , uj - u) = p, - (w2 , U) < 0. 
Applying the hypothesis that Tl and T, are both generalized pseudo- 
monotone, we conclude that [u, wr] E G( T,), [u, wz] E G( T,), and that 
(W1.i P 4 + (WI Y 4, (W2.j T 4 - (% 9 u>- 
Hence [u, w] = [u, w, + wa] lies in G(T, + T2), and 
The desired conclusions for the given sequence {[uj , w& have been 
established, and T is therefore generalized pseudo-monotone. 
Q.E.D. 
The following Proposition will be of help in the later considerations: 
PROPOSITION 5. Let T be a generalized pseudo-monotone mapping 
from X into 2X’, and {[ui , wi]} a sequence in G(T) converging weakly 
to some [u, w] E X x X*. Suppose that 
Then [u, w] E G(T) and (wj , ui) + (w, u). 
Proof. Since T is assumed to be generalized pseudo-monotone, it 
suffices to prove that lim sup(wj , uj) < (w, u). By passing to an 
infinite subsequence, we may assure that (wj , ui) -+p for some real 
number p. We prove that p < (w, u). 
By hypothesis, given E > 0, there exists K(E) such that for 
j, k >, K(4, 
(Wi - w k , uj - %) e l - 
We write this inequality in the form 
and holding j fixed with j 3 K(E), we let k ---t 00. We obtain 
(Wj,Uj)+P~(W,Uj)+(WjrU)+E. 
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Now we let j -+ co. Then 2p < 2(eo, U) + E. Since this is true for all 
E > 0, the desired estimate p < (w, U) follows. 
We close Section 1 with a general result on regular generalized 
pseudo-monotone mappings. 
THEOREM 2. Let X be a rejlexive Banach space, T a regular 
generalized pseudo-monotone mapping from X into 2x*. Suppose that 
the two following conditions are both satisfied: 
(i) T-l maps bounded subsets of X* into bounded sets of X. 
(ii) There exists a constant k such that (w, u) 3 - k (( u j( for 
all [u, w] E G(T). 
Then R(T) = X*.* 
We note that conditions (i) and (ii) are trivially satisfied if the 
mapping T is coercive. The proof of Theorem 2 is based on the 
following 
LEMMA 1. Let T be a generalized pseudo-monotone mapping from 
the rejlexive Banach space X into 2x*, and let C be a bounded weakly 
closed subset of X. Then T(C) = {w : w E Tu for some u E C} is closed 
in the strong topology of X*. 
Proof of Lemma I. Let {wj> be a sequence in T(C) converging 
strongly to some w E X *. For each j, there exists uj E C such that 
wj E Tuj . Since C is bounded and weakly closed, we may pass to an 
infinite subsequence and assume that ui - u E C. It follows that 
lim(wj , uj - u) = 0. The generalized pseudo-monotonicity of T 
implies that w E Tu, i.e. w lies in T(C). Q.E.D. 
Proof of Theorem 2. Let J denote the normalized duality mapping 
of X into 2x*, i.e., 
It is known that J is a smooth operator [9, Section 71. 
Let w,, be a given element of X *. We wish to show that w0 E R(T). 
a After the first draft of this paper was written, related results to Theorem 2 for the 
class of K-pseudo-monotone operators were announced by W. V. Petryshyn [“On 
existence theorems for nonlinear equations involving noncompact mappings,” PYOC. 
Nut. Acad. Sci. 67 (1970) 326-3301. Other more general results are given in F. E. 
Browder: “Remarks on nonlinear equations and eigenvalue problems in Banach 
spaces” (to appear). 
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For each E > 0, it follows from the regularity of T that there exists an 
element U, E X such that for some qE E JuE , w,, - EqE E Tu, . If 
w = w,, - cqE, then [uF , w,] E G(T) for each E > 0, and therefore 
(we > 4 2 - k II u, II 
by hypothesis (ii), so that we have 
Since (q6 , u,) = I/ u, II2 by the definition of the duality mapping J, we 
see that 
6 Ii uc 112 G k II U, II + II w. II II u, /I . 
Hence 
E II CL II = f II 21, IIG k + II wo II * 
In particular, 
II w, II d II w. Ii + E II 4. II d k + 2 II w. II , 
i.e., the family of all {we} for E > 0 lies in a fixed bounded subset of 
X*. If we apply hypothesis (i), it follows that there exists a constant 
M > 0, independent of E for E > 0, such that 
Moreover, 
II WC - wo II = p II 4E II = 6 II u, II - 0 
as E ---t O+. Thus w0 lies in the closure in X* of the set T(B,(O)), 
where B,(O) denotes the closed ball of radius 1M about the origin 
in X. We apply Lemma 1 and conclude that T(B,(O)) is closed in X* 
and hence includes w. . Consequently, w. E R(T). Q.E.D. 
2. THE SUBCLASS OF PSEUDO-MONOTONE OPERATORS 
We first recall the definition of pseudo-monotonicity. 
DEFINITION 1. A mapping T from the real reflexive Banach space 
X into 2x’ is said to be pseudo-monotone if the following conditions 
hold: 
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(a) The set Tu is nonempty, bounded, closed and convex for 
each u E X. 
(b) T is upper semicontinuous from each finite-dimensional 
subspace F of X to the weak topology on X*. 
(c) If {z+> is a sequence in X converging weakly to u, and if 
wi E Tui is such that lim sup(wj , uj - u) < 0, then to each element 
ZI E X there exists W(V) E Tu with the property that 
lim inf (a+ , uj - v) > (w(o), I.4 - t7). 
PROPOSITION 6. In the above definition, the conditions (a) and (c) 
together with the following condition (b’) imply pseudo-monotonic&y: 
(b’) T is locally bounded on each Jinite-dimensional subspace 
F of X. 
Proof. We have only to show that condition (b) is implied. Let 
{z+} be a sequence in a finite-dimensional subspace F of X converging 
strongly to u E F, let wj E Tuj for each j, and suppose that for a given 
weak neighborhood V of Tu, We lies outside of V for each j. By passing 
to an infinite subsequence, we may use the fact that the sequence 
{wj} is bounded by th e 1 ocal boundedness of T on F to ensure that 
{w& converges weakly to some element w E X* Then 
lim(tq , uj - u) = (w, u - 24) = 0, 
hence 
( w, 24 - 71) = lim(q , uj - v) > (w(o), u - u) 
for each element z, E X, with W(V) E Tu Using the standard separation 
argument for convex sets, we see that w E Tu which contradicts the 
fact that all wj lies outside the neighborhood V of Tu in the weak 
topology of x*. Q.E.D. 
The following kind of converse of Proposition 6 holds: 
PROPOSITION 7. Let T be a pseudo-monotone mapping from the 
re$exive space X into 27. If {uj) is a sequence in X converging weakly to 
u E X, wi E Tuj for each j, and lim sup(wj , Us - u) < 0, then the 
sequence {We} is uniformly bounded. Every weak limit point of (wj> lies 
in Tu. 
Proof. Let (~3 be a sequence in X converging weakly to u, and let 
580/11/3-2 
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wj E Tu, be such that lim sup(wj , uj - U) < 0. Then for each ZJ E X, 
lim inf(wj , uj - 4 > (w(v), 24 - 4. 
Since 
(Wj , u - v) = (e0.j , uj - v) - (Wj ) uj - u), 
it follows that 
lim inf(wj , u - v) 2 (w(V), u - v). 
If we set x = u - U, we see that 
lim inf(wj , x) > (w(u - x), x), 
and replacing x by (- x), we have 
lim sup(wj , x) < (w(u + x), x). 
Hence I(wj, x)1 is uniformly bounded for each x E X. By the uniform 
boundedness principle, {wi} is a bounded sequence. 
The second assertion of Proposition 7 follows from the generalized 
pseudo-monotonicity property of the pseudo-monotone mapping T. 
The orientation of pseudo-monotone operators with respect to 
monotone mappings is given in Proposition 8 below. Its proof is 
based on a recent observation on the local behavior of monotone 
mappings at interior points of their domain, made by Browder [8] 
and Rockafellar [ 131. 
PROPOSITION 8. A maximal monotone mapping T from the rejlexive 
Banach space X into 2x* with eflective domain D(T) = X is pseudo- 
monotone. 
Proof. We have to show that a maximal monotone operator T with 
D(T) = X satisfies the conditions (a)-(c) of pseudo-monotonicity. 
(a) It is known that the image Tu of an element u E X under a 
maximal monotone mapping is closed and convex. The fact that a 
monotone operator is locally bounded at interior points of its domain 
[8, 131 implies that the set Tu is bounded. 
(b) We prove that T is upper semicontinuous from the strong 
topology on X to the weak topology on X*. Assume for a given open 
weak neighborhood V of Tu there exist a sequence {ui> C X with 
uj -+ u and wi E Tu, such that wi $ I’ for allj. By the local boundedness 
of T at the point u, the sequence {wj} is bounded in X*, and we can 
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find a subsequence converging weakly to an element w. As a conse- 
quence of the maximal monotonicity of T, w E Tu. But on the other 
hand the weak closedness of X* - V implies that w $ V, which is 
a contradiction. 
(c) Let {z+} be a sequence in X with ui - u, and let wj E Tui 
be such that lim sup(wj , uj - u) < 0. If w denotes an arbitrary 
element of Tu, 
(20, uj - u) < (Wj , uj - u) 
by the monotonicity of T, where the left expression tends to 0 as 
j-+co.Hence(wj,uj--)-to. 
Let now [x, y] E G(T) be arbitrary. Since 
(Wj ) uj - x) = (Wf , uj - u) + (Wj , u - x), 
it follows that 
lim inf(wj , uj - x) = lim inf(wj , u - x). 
But (y, uj - 4 < (wi , uj - x), with the left term converging to 
(y, 24 - x). Consequently, 
(y, 24 - x) < lim inf(wj , 24 - x). (2) 
ForgivenvEXandt>O,setx,=u+t(v--).Lety,ETx,. 
If we replace [x, y] in (2) by [xt , ~~1, we get 
(yt , 24 - v) < lim inf(wj , u - v). 
By the local boundedness of T at u, we can assume the existence of 
sequences t, -+ O+, xtx --t u, and y1 -r w(u). Again by the maximal 
monotonicity of T, W(V) E Tu. We f;rther infer that 
(W(V), u - V) < lim inf(wj , u - 71) = lim inf(wj , uj - v). 
Q.E.D. 
Unlike the case of generalized pseudo-monotone mappings, the 
class of pseudo-monotone operators is invariant under addition of 
operators without any further restrictions. 
PROPOSITION 9. Let X be a reJEexive Banach space, Tl and T, two 
pseudo-monotone mappings from X into 2x*. Then Tl + T, is a pseudo- 
monotone mapping from X into 2x*. 
Proof. For each u E X, ( Tl + T,) u = T,u + T,u is a nonempty 
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convex subset of X* which is closed and bounded. Since Tl and T, 
are upper semicontinuous from each finite-dimensional subspace F of 
X into 2x*, with X* given its weak topology, so is Tl + T, as a con- 
sequence of the weak compactness of the sets T,u and T,u for each 
u E X. It remains to verify that if {ui} is a sequence in X which con- 
verges weakly to u E X, wi E (T, + T,) uj , and if 
lim sup(wj , uj - u) < 0, 
then for each TJ E X there exists an element W(V) E (T, + T2) ZJ such 
that 
lim inf(wj , uj - v) >, (w(v), u - 77). 
By the definition of T, + T, , for each integer j there exist elements 
zj and yi such that 
Hence 
Wj = Zj + yj , zj E T,uj , yj E TZU~ . 
lim SUp[(Zj , Uj - 24) + (yj , Uj - U)] < 0. 
We assert that 
lim sup(zj , uj - u) < 0, lim SUp(yj , Uj - U) < 0. 
Indeed, suppose not. Then we may assume by symmetry that 
lim sup(yj , uj - u) > 0. We can find d > 0 and an infinite subse- 
quence of the integers, which we identify for simplicity of notation 
with the integers themselves, such that 
lim(yj , ui - u) = d > 0. 
For the corresponding subsequence of the other summand, we have 
lim SUp(Zj , Uj - ZJ) < - d < 0. (3) 
It follows from the pseudo-monotonicity of T, that for each z, E X 
there exists Z(V) E T,u such that 
lim inf(q , uj - 21) > (z(w), 24 - 27). 
In particular, setting o = U, we obtain 
lim inf(zj , uj - u) >, 0, 
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which contradicts the preceding inequality (3). This contradiction 
establishes the above assertions. 
Since 7’r and T, are each pseudo-monotone, it follows that there 
exist elements Z(V) and y(u) in T,u and T,u such that 
and 
lim inf(.q , uj - 7.1) > (z(u), 24 - v) 
lim inf(yj , ui - V) 3 (y(v), 24 - V) 
for each v E X. If we combine these inequalities, we obtain 
lim inf(w, , uj - fi) > lim inf(zi , uj - V) + lim inf(yi , uj - w) 
b (+J>, u - q + (Y(V), u - 4 
= (44, u - 4, 
where w(v) = z(v) + y(v) lies in (TI + T,) u. Thus the pseudo- 
monotonicity of TI + T2 has been proved. 
Our first assertion on the range of pseudo-monotone mappings is 
THEOREM 3. Let X be a reflexive Banach space and T a pseudo- 
monotone mapping from X into 2x*. Suppose that T is coercive, i.e., 
that there exists a real-valued function c on R+ with 
such that for all [u, w] E G(T), (w, u) > ~(11 u 11) I/u 11 . Then T has 
range X*. 
Proof of Theorem 3. Let A be the family of all finite-dimensional 
subspaces F of X, ordered by inclusion. For FE A, let jF : F -+ X 
denote the inclusion mapping of F into X, and jF* : X* -+ F* the 
dual projection mapping of X* onto F*. The operator 
then maps F into 2F*. 
For each u E F, Tu is a weakly compact convex subset of X* and 
jF* is continuous from the weak topology on X* to the (unique) 
topology on F*. Hence T,u is a nonempty closed convex subset of F*. 
Since T is upper semicontinuous from F to 2X’ with X* given its 
weak topology, Tr is upper semicontinuous from F to 2F*. 
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Let [u, wF] be an element of the graph of TF . Then wF = j,*w 
for some element w E Tu. It follows that 
where c(r) is the coercivity function of the mapping T. Thus, each 
mapping TF is coercive, with the same coercivity function as the 
original mapping T. 
To continue the proof, we shall apply the conclusions of the follow- 
ing proposition: 
PROPOSITION 10. Let F be a Jinite-dimensional Banach space, T, 
a mapping from F into 2Fv such that for each u E F, T,u is a nonempty 
bounded closed convex subset of F*. Suppose that T, is coercive and upper 
semicontinuous from F to 2 Ft. Then R(T,) = F”. 
Though Proposition 10 can easily be reduced to the generalized 
Tychonoff theorem [5, Theorem 31, we present here a new proof which 
is based on some properties of the Brouwer degree of a continuous 
mapping. 
Proof of Proposition 10. Since for each w,, in X*, the mapping 
Tw, of F into 2f* given by 
TwOu = T,u - w,, 
satisfies the same hypotheses as the original mapping T,, , it suffices to 
prove that 0 E R( T,). 
Suppose that 0 does not lie in R( T,). Then for each u E F, there 
exists V(U) E F such that 
0 < ,if, (w, w(u)). 
0 
Since T,, is coercive, there exists a positive constant R such that 
c(R) > 0, and hence for each u E F with )/ u \j = R and each w E T,u, 
(w, 4 2 A > 0, 
where X = c(R) R, For such points u in F, we may take V(U) = U. 
For a given v,, in F with v0 # 0, let 
WV, = {u : u E F, $fJw, w,,) > O}. 
0 
By our preceding remarks, the family {WV, : v,, E F, v0 # 0) forms a 
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covering of the space F. By the upper semicontinuity of T,, from F to 
2F*, each IQ, is open in F. Hence the family {W,0 : uug E F, q, # 0} 
forms an open covering of F. 
We now choose a finite open covering {Vi ,..., V,} of the closed 
ball BR(0) in F of radius R about the origin, with the property that for 
each k there exists an element Q in F such that V, C WV, and the 
additional condition that if V, intersects the boundary sphere SR(0), 
then Q is a point of V, 17 S,(O) and the diameter of such V, is less 
than R/2. 
We next choose a partition of unity (ai ,..., ol,} subordinated to the 
covering (VI ,..., I’,> where each 01~ is a continuous mapping of F 
into [0, I] which vanishes outside the corresponding set V, and with 
the property that Cm= k 1 ak(x) = 1 for each x E BR(0). Using this 
partition of unity, we may define a continuous mapping f of BR(0) 
into F by setting 
f(d = 5 Lyk(x) Dk * 
k=l 
We note that for each k for which ak(x) > 0 and for any w in TOx, we 
have (w, ok) > 0 since x must lie in V, which is a subset of WV,. 
Hence for each x in BR(0) and any w in T,,x, 
(W, f(X)) = f ah@) (w, Ok) > 0, 
k=l 
since at least one c+(x) > 0. Consequently, f(x) # 0 for any x in 
BR(0). This implies that the degree of the mapping f on BR(0) with 
respect to 0 equals 0. 
For x in S,(O), on the other hand, f (x) is a convex linear combina- 
tion of points vk in S,(O), each of which is at distance at most R/2 
from the point x. We infer that 
By this inequality, f considered as a mapping from BR(0) into F is 
homotopic to the identity mapping. Hence the degree off on BR(0) 
with respect to 0 is + 1. This contradiction proves that 0 must lie in 
T,,u for some u E BR(0). 
Proof of Theorem 3 completed. It suffices to show that 0 E R(T). By 
Proposition 10, to each F E (1 there exists an element tiF EF such that 
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OE TFUF, i.e., 0 = j,*w, for some wF G Tu, . The coerciveness of T 
implies that 
o = (jF*wF 9 uF) = cwF > uF) t dii uF 11) /I uF I/; 
consequently, the elements {up} are uniformly bounded by a constant 
M for all F E A. 
For F E A, let 
Then the set V, is contained in the closed ball B,(O) in X with 
center 0 and radius M. Since B,(O) is weakly compact, and since the 
family {weakcl( VP)) has the finite intersection property, the inter- 
section nFEn {weakcl( V,)} is not empty. Let u0 be an element con- 
tained in this intersection. 
The proof will be complete if we show that 0 E Tu, . Let v E X 
be arbitrarily given. We choose FE (1 such that it contains us and ~1. 
Let (uFx} denote a sequence in YF converging weakly to uO. Since 
0 = j&wF, , we infer that 
@F, 3 uFk - %) = o 
for all K. Consequently, by the pseudo-monotonicity of T, to the 
given v E X there exists W(V) E Tu, with 
0 = lim(wF, , UF, (4) 
Suppose now that 0 $ Tu, . Then 0 can be separated from the non- 
empty closed convex set Tu, , i.e., it exists an element x = us - V E X 
such that 
0 < i& (x, uo - v). 
0 
But this is a contradiction to (4). Q.E.D. 
As a consequence of Theorem 3, we obtain the following example 
of a regular generalized pseudo-monotone operator. 
THEOREM 4. A pseudo-monotone mapping T from a rejexive Banach 
space X into 2X’ is regular generalized pseudo-monotone, provided there 
exists a constant k such that (w, u) > --K [I u I[ for all [u, w] E G(T). 
Proof. Let T, be an arbitrary smooth mapping from X into 2=‘. 
By Proposition 8, Tz is pseudo-monotone, and the operator 
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S = T + T, is hence pseudo-monotone as a consequence of Proposi- 
tion 9. Moreover, S is coercive. Theorem 3 therefore implies that 
R(S) = x*. Q.E.D. 
3. DENSELY DEFINED GENERALIZED PSEUDO-MONOTONE OPERATORS 
It is our main purpose in the present section to establish the follow- 
ing existence theorem for generalized pseudo-monotone mappings: 
THEOREM 5. Let X be a rejexive Banach space, T a mapping from 
X into 2x’ which is generalized pseudo-monotone, quasi-bounded, and 
coercive. Suppose that there exists a dense linear subspace X,, of X which is 
contained in D(T) such that for eachfinite-dimensional subspace F of X0 , 
T is an upper semicontinuous mapping from F into 2X*, with X* given 
its weak topology, while for each u E D(T), Tu is a nonempty, bounded, 
closed and convex subset of X*. 
Then R(T) = X*. 
The strategy of our proof of Theorem 5 is the following: We first 
give the relatively direct proof for the case in which the Banach space 
X is separable, and then pass to the proof of the general case, using an 
interesting new artifice for Galerkin approximation theory in non- 
separable spaces which is contained in Proposition 11. 
Proof of Theorem 5 for X separable. Since X is separable and X,, 
is a dense linear subspace of X, we may find an increasing sequence 
{Fk} of finite-dimensional subspaces of X0 such that (Jk Fk is dense in 
X. For simplicity, we identify X,, with the union of the subspaces Fk . 
For each k, let j, denote the injection mapping of Fk into X. Then 
the operator Tk = j,*Tj, maps FI, into 2tFk)” and is upper semi- 
continuous and coercive, while T,u is a nonempty bounded closed 
and convex subset of (FJ* for each u E Fk . 
For the proof of Theorem 5, it suffices to show that 0 E R(T). By 
Proposition 10, to each k there exist elements uk E Fk and wk E Tu, 
such that 
0 = j,*w, E TKuk . 
The coercivity of T guarantees that the sequence {uk} remains bounded 
in X. We may therefore pass to an infinite subsequence, which we 
identify with our original sequence, and assume that {uk} converges 
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weakly in X to an element u as k -+ co. To complete the proof, we 
will show that 0 E Tu. Since 
for each k, the quasi-boundedness of T implies that {w,J is a bounded 
sequence in X *. We assert that (We} converges weakly to 0 in X* as 
k -+ co. Since the sequence {We} is bounded, it suffices to show that 
(a++,~)+0 as k+cc 
for each v E ur, Fk , since this union is dense in X. Let v be any 
element of X0 = Uk Fk . Then v lies in F, for some r, and since Fk 
increases with k, v E Fk for all k > r. Hence for k > r, 
(Wk 3 v) = (j,*w, , v) = 0, 
and the asserted weak convergence follows trivially. 
Finally, 
lim(w, , uk - 24) = 0. 
Since uk - U, wk - 0, and T is assumed to be generalized pseudo- 
monotone, 0 E Tu. Q.E.D. 
PROPOSITION 11. Let X be a rejexive Banach space (not necessarily 
separable), X, a linear subspace of X. Let A be the family of all finite- 
dimensional subspaces of X0 , with A partially ordered by inclusion, B 
the closed ball of radius R about the origin in X. Suppose that we are 
given a mapping $ : A + 2B, with #(F) a nonempty subset of F for each 
F in A. For F,, in A, set 
and let uO be an element of nFOEA {weakcl( VFO)), where the latter inter- 
section is nonempty by the weak compactness of B. 
Then for each F’ in A, there exists an increasing sequence 
P%c=m... in A with F’ C F, , and for each k an element uk in #(FJ 
such that uk converges weakly to u,, as k --f 00. 
We divide the proof of Proposition 11 into several pieces, embodied 
in the following Lemma as well as in the proof of Proposition 11 
proper which follows the Lemma. 
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LEMMA 2. Under the hypotheses of Proposition II, there exists a 
sequence (Si} of ji nz ‘t e collections of elements of A, 
with corresponding elements u~,~ in #(Fj,J, j 3 I, 1 < k < r(j), such 
that: 
(1) u,, lies in the weak closure of the countable set Uj,k (u~,~}. 
(2) For indices I < j < j, , 1 < k < r(j), 1 < 4 ,< r(h), 
F’ CF,., CFj,,k, - 
Proof of Lemma 2. We shall define the families Sj by recursion 
on j. 
Let x* be any element of the unit ball I&(X*) = B,(X*; 0) of 
X*. Since u,, lies in the weak closure of the set VFf , we may find an 
element F of /1 with F 3 F’ and an element uF of #(F) such that 
1(x*, uF-u(JI < 1. 
The subset of B,(X*) given by 
Y F,uF,~ - - {x* : x* E B,(X*), I@*, UF - u,,)f < l} 
is open in the weak topology on B,(X*) for each F in A which con- 
tains F’ and each uF in t&F). By our preceding remark, these sets cover 
B,(X*), and by the weak compactness of B,(X*) for reflexive X, we 
may find a finite subcovering of B,(X*) by a family 
We choose the first collection 
to be the family (FI ,..., F,} re-indexed in the indicated fashion, with 
the corresponding elements qk for #(FI,J being the appropriate 
uFb for Fk . Thus for each x* E B,(X*), there exists, an index k with 
1 < k < r(1) and an element qk in #(F& such that 
lcx*, %,k - 24,) < 1. 
Suppose now that we have been able to define {S, ,..., S,-r) satis- 
fying the following conditions: 
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(i) For 1 < m < j - 1, S, is a finite collection of elements 
of fl, 
such that 
F’ C Fna , 1 < K < r(m). 
(ii) Forl<m<n<j-landanykandkrwith 
(iii) ForeachKwithl<k<r(m), l<m<j-1,weare 
given an element u,,~ in $(Fr,l,J. For each collection of m-elements 
{X1*7..., x,*) 
in B,(X*), there exists an index k with 1 < k < r(m) such that 
/(xs*, %,k s = 1, 2 ,..., m. 
We now define Si for the given integer j so that the properties 
corresponding to the three conditions just listed hold for 1 < m < j. 
We let 
Fj’ = span{Fi-l,l ,..., Fi-l,r(j-l)). 
Then Fj’ is a finite-dimensional subspace of X0 and is therefore an 
element of the set A. By hypothesis, u,, lies in the weak closure of 
VF,f - Therefore, if we are given any collection of j elements x1*,..., xi* 
of B,(X*), we can find an element F of A which contains Fj’ and an 
element uF in $(F) such that 
I(%*> UF-qJj <L, 
.9 
s=l,2 ,..., j. 
For each such pair [F, u,], let 
YF,uF*j = 
I 
[x1* )...) xj*l : x,* E II,( j(xs*, 
1 
UF-UJI <T,l <s<j 
t 
. 
If we let Bi denote the Cartesian product ofj copies of B,(X*), with 
each copy given the weak topology, then Bj is compact by Tychonoff’s 
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theorem, and for each pair [F, uF] as immediately above, YF,uF,j 
is an open subset of Bi. By our preceding remarks, the family 
{Y,,,,i} forms an open covering of the compact space Bj, and hence 
there exists a finite subcovering 
vFj,*.Uj,l.j ,...P b,,,(j),uj,,(j).J 
of Bj. We then set 
with the corresponding element uj,k in $(Fi,,) for 1 < k < r(j). We 
note that since for every j-tuple [x1*,..., xj*] in B,(X*), i.e., for every 
element of Bj, there exists an index K with 1 < FE < r(j) such that 
I(%*, %,k - %)I < f 9 s= 1,2 ,..., j, 
it follows that the collection Sj and the corresponding family of 
elements (z4i,1 ,..., u~,~G,) complete the previously chosen families 
(S, ,..‘, sj-I> so that the conditions (i)-(iii) stated above are valid 
for 1 < m < j rather than for 1 ,< m < j - 1. Thus, the families 
Si can be defined for all positive integer values of j so as to satisfy the 
conditions (i)-(iii). 
On the other hand, condition (iii) implies that u,, lies in the weak 
closure of the countable set uj,k (ui,J obtained from the collection 
of families Sj . Q.E.D. 
Proof of Proposition I I. Let X1 be the separable closed subspace 
of X spanned by the denumerable family {Si> of finite collections of 
finite-dimensional subspaces of X. Since X, is separable, and since X, 
is reflexive, being a closed subspace of the reflexive space X, X1* is 
separable. We choose a dense sequence {xP* : p = 1,2,...) in the 
strong topology of X1*. 
Since U, lies in the weak closure of the set Uj,k {ui,lc), u0 lies in the 
weakly closed subspace X1 . If {z+} is a bounded sequence in X1 , a 
necessary and sufficient condition that {uj) converges weakly to u,, in 
X, is that 
as j-+ w, for eachp = 1,2 ,... . 
We now construct the desired sequence of elements Fi of A and the 
corresponding sequence of elements Uj of #(Fi) as follows: For each j, 
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Fj is chosen as one of the spaces Fj,k (1 < k < r(j)) such that for the 
corresponding uj = ui,k we have 
@D*> %,k - %)I < $9 p = 1, 2 )...) j, Q.E.D. 
Proof of Theorem 5 without assuming X separable. As in the sepa- 
rable case, it suffices to prove that 0 E R(T). For each F in /1, the set 
of all finite-dimensional subspaces of X0 , there exist elements UF E F 
and wF E TuF such that 
0 = jF*wF , 
while (1 UF /I < M for all F E fl, with a certain constant M. 
Let u0 denote an element of the nonempty intersection 
n {weak4 vd, 
FEA 
where 
VF = u ++‘I = u WY, 
F’el,F’3F F’eA,F’3F 
with $(F) being the set of all elements UF E F satisfying the require- 
ments stated in the previous paragraph. We show that 0 E Tu, . 
In order to do so, we first prove that the set Tu, is not empty. Let F 
be an arbitrary element of (1. We apply Proposition 11 to this sub- 
space F and the given mapping #. Then there exists an increasing 
sequence of subspaces {FJ, each containing F, and for eachj an element 
uj E $(Fj) such that ui - u0 as j -+ co. Let wi = wFj E Tuj be the 
corresponding element. By quasi-boundedness of T, the sequence 
{wj} is bounded, and we can therefore extract a subsequence converg- 
ing weakly to some element w E X*. Moreover, as in the separable 
case, (wi,v)+O as j+Gc), for each v E X1 = closure (Jk Fk . In 
particular, u0 E X, , since each strongly closed subspace is also weakly 
closed. Hence 
lim(wj , uj - uO) = 0, 
and the generalized pseudo-monotonicity of T implies that w E Tu, . 
Hence the set Tu, is nonempty. 
We now show that 0 E Tu, . Suppose, to the contrary, that this is 
not so. Then the nonempty closed convex set Tu, can be separated 
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from 0 by an element x,, E X. Since Tu, is a bounded set, x0 can even 
be chosen in X0, i.e., there exists x,, E X,, such that 
We choose F E A containing x0 and apply the procedure just described. 
The sequence {wi> then has the properties that it contains a subse- 
quence converging weakly to some w E Tu, , while lim(wj , x0) = 0. 
But this implies that (w, x0) = 0, w E Tu, , which stays in contradic- 
tion to the relation (5). Hence 0 E Tu, . Q.E.D. 
As a consequence of Proposition 2, Theorems 1 and 5, we have 
THEOREM 6. Let T be a mapping from the rejlexive Banach space X 
into 2X* which is generalized pseudo-monotone and quasi-bounded. Sup- 
pose that there is a dense linear subspace X,, of X, X,, C D(T), such that 
Tu is a nonempty bounded closed convex subset of X* for each u E D(T) 
and T is upper semicontinuous from each jinite-dimensional subspace of 
X0 into 2x*, with X* given its weak topology, while there exists a constant 
k such that for all [u, w] E G(T), (w, u) > - k 11 u 11 . Then T is regular 
generalized pseudo-monotone. 
4. PERTURBATION OF MAXIMAL MONOTONE OPERATORS 
This section is devoted to the discussion of mappings of the form 
T + TO , with T maximal monotone from X into 2x* and T,, general- 
ized pseudo-monotone from X into 2x’. We apply to such mappings 
a modified form of an approximation procedure constructed by 
BrCzis-Crandall-Pazy [3] to study the sum of maximal monotone 
mappings. Beyond the treatment of the pseudo-monotone case, the 
modification which we introduce consists of approximating the given 
maximal monotone operator T by possibly multivalued bounded 
maximal monotone mappings TA in the given space rather than of 
passing to an equivalent norm on X for which X and X* are strictly 
convex and using single-valued approximants. The consistent treat- 
ment of the approximation procedure within the framework of multi- 
valued mappings makes it considerably simpler to see how the 
machinery works, and the treatment of metric hypotheses on T and T,, 
appears to be more straightforward. 
PROPOSITION 12. Let X be a reflexive Banach space, T a maximal 
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monotone mapping from X into 2X* with [0, 0] E G(T), and J the normal- 
ized duality mapping from X into 2x*. Let h > 0. If we set 
T,u = (w E X* : there exists x E D(T) such that w E TX, hw E J(u - x)}, 
then 
into 2(i) Each TA is a bounded maximal monotone mapping from X 
x* with eflective domain D( TA) = X. 
(ii) For each w E T,,u, v E Tu, 11 w // < // v (1 .
Proof. By definition, w lies in T,u if and only if there exists x E X 
such that 
WE TX, hw E J(u - x), 
or equivalently 
x E T-lw, u - x E J-l(hw) = A]-lw. 
This last pair of conditions is equivalent to 
Hence 
u E (T-l + A]-‘) w. 
T, = (T-l + h J-l)-‘. 
Since T is maximal monotone from X to 2x*, T-l is maximal 
monotone from X* into 2X. J-1 is the normalized duality mapping 
from X* into 2X and is bounded, coercive and maximal monotone. 
Hence T-l + h J-l is by known results a coercive maximal monotone 
operator with range X [9, Section 71. Consequently T,, , its inverse, is a 
maximal monotone mapping from X into 2x* which is bounded and 
defined on X. The proof of assertion (i) is thus complete. 
Let w E T,,u, v E Tu, and let x denote an element cor- 
responding to w by definition such that w E TX, Xw E J(u - x). 
Since (v - w, u - x) > 0 by the monotonicity of T, we have 
Therefore, 
qw, u - x) = /I 24 - x 112 < h(w, I.4 - x). 
and hence 
Since 11 w I/ = h-l 11 u - x /I , we obtain /I w 11 < I\ v I( , which proves (ii). 
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PROPOSITION 13. Let X Ee a reJexive Banach space, T a maximal 
monotone mapping from X into 2x* with [0, 0] E G(T), and To a 
generalized pseudo-monotone operator from X into 2X’. Suppose that 
for a given f. in X*, the following condition holds: 
For each h with 0 < h < A, , 
where 
with 
Then f. lies in R(T + To). 
Proof. Since wA E TX, , Aw,, E J(u, - xJ for a suitable element xA 
of X by the definition of T,, , it follows from the hypotheses that 
and hence 
II x, II ,< (A, + 1) M. 
If we apply the sequential weak compactness of closed balls in X 
and X*, we may find a sequence of values Aj -+ Of such that with the 
notation 
wj = wa* f zj = x,Q ) uj = %a* 3 Xj = XAj ) 
the sequences {z+} and {xj} converge weakly in X to a common limit 
u,, as j -+ co, while {wj} converges weakly to w0 in X*, {zj> converges 
weakly to z,, , with w0 + z,, = f. . It suffices to prove that w0 E Tu, 
and z,, E TOuO .
Let j and K be two positive integers. Then 
(Wj - Wk , Xj - Xk) + (zj - zk Y Xj - xk> = ” 
BY the monotonicity of T, (wj - wk , xi - xk) > 0, SO that 
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We observe that 
+ jlggzj - Zk 7 (% - xi) - t”k - xk)) 
<o+o==o. 
The generalized pseudo-monotonicity of To and Proposition 5 imply 
that x,, E T0u0 , and that lim(zj , uj - u,J = 0. Consequently, 
lim(zj , xi - uU) = lim(zj , uj - uO) + lim(q , xj - ui) = 0 + 0 = 0. 
For each j, 
Cwj - wO 3 xj - %) + (Zj - Zo 9 Xj - 110) = 0. 
We conclude that 
lim(wj , xi - uo) = 0. 
By the generalized pseudo-monotonicity of the maximal monotone 
mapping T, w,, E Tu, , which proves the assertion of Proposition 13. 
Our principal methodological result in this section is 
THEOREM 7. Let X be a rejexive Banach space and T a maximal 
monotone mapping from X into 2x’ with 0 E D(T). Let T,, be a generalized 
pseudo-monotone mapping from X into 2X* which is coercive and has the 
property that for each bounded maximal monotone mapping T, from X 
into 2X’ with D( Tz) = X, R( T,, + T,) = X*. Suppose further that 
either T,, is quasi-bounded or T is strongly quasi-bounded. Then 
R(T + T,,) = X*. 
Proof. We may assume without loss of generality that [0, 0] E G(T). 
We form the mappings T, of Proposition 12 and apply Proposition 13. 
By hypothesis, since T, is a mapping of the type T, described in the 
statement of Theorem 7, 
R(T, + To) = X* for each X > 0. 
Let fO be an arbitrary element of X*. It suffices to prove that fO 
lies in R( T + T,,). By our preceding paragraph, 
fo = V4 + %A , w,a f TA , z,, E Tou, , 
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for some Us E X. Since [0, 0] E G( T,J for each X > 0, it follows that 
(w, U) > 0 for [u, w] E G( Z’,). Therefore the family (T, + T,,) is 
uniformly coercive for h > 0, and consequently {u,J is uniformly 
bounded by a constant M > 0. 
Suppose that T, is quasi-bounded. Since 
and (w, , u,J > 0, it follows that 
Hence {z,> is uniformly bounded by the quasi-boundedness of T,, , and 
so is {We}. Our conclusion then follows from Proposition 13. 
Suppose on the other hand that T is strongly quasi-bounded. By 
coercivity of T, there exists a function c : R+ ---t R1 such that for 
[u, 4 E W’o), 
Hence 
and 
6% , %) 3 41 *A II) II % II > - n/r, 
Since 
it follows that 
Since T is strongly quasi-bounded, we infer that {wn} is uniformly 
bounded for 0 <h <h,, and the conclusion follows again from 
Proposition 13. 
A simple consequence of Theorems 1 and 7 is 
THEOREM 8. Let T be a maximal monotone mapping from the 
rejexive Banach space X into 2X* with 0 E D(T), let T, be a regular 
generalized pseudo-monotone mapping from X into 2X* such that for 
a given constant k, (z, u) > - k 11 u 11 for all [u, z] E G( T,,), and suppose 
that either T,, is quasi-bounded or T is strongly quasi-bounded. Then the 
mapping T + T, is regular generalized pseudo-monotone. 
We recall that a monotone mapping T from a reflexive Banach space 
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X into 2x* with 0 E D(T) is regular generalized pseudo-monotone if 
and only if it is maximal monotone. Thus, the following result on 
the maximality of the sum of two maximal monotone operators is an 
immediate consequence of Theorem 8: 
THEOREM 9. Let X be a rejlexive Banach space, T and T,, maximal 
monotone mappings from X into 2x* with 0 E D(T) n D( T,,). Suppose 
that T is quasi-bounded. Then T + T,, is maximal monotone from X 
into 2x’. 
We now apply Theorem 9 in order to derive a result by Rocka- 
fellar [14] on the sum of maximal monotone mappings. 
THEOREM 10. Let T and T, denote two maximal monotone mappings 
from the reflexive Banach space X into 2x*. If 0 E int(D( T)) n D( T,,), 
then the mapping T f T,, is maximal monotone. 
This Theorem follows from Theorem 9 and from 
PROPOSITION 14. A monotone mapping from a rejlexive Banach 
space X into 2x’ is strongly quasi-bounded, provided 0 is an interior 
point of its domain D(T). 
Proof of Proposition 14. There exists E > 0 such that the closed 
ball B,(O) in X with center 0 and radius E is contained in D(T). 
Since T is locally bounded at the interior point 0, we can assume that 
for all ur E X with 11 u1 /j < E and all w, E Tu, , (1 wr // is smaller than a 
certain constant M. Suppose [u, w] E G(T). By the monotonicity 
of T, (w - wl, u - or) >, 0 and consequently 
(w u) 3 (WY Ul> + (WI , u - Ul). 
But 
I(% 3 u - %)I G WI l.4 II + 4 
and hence 
Since this last inequality holds for all u1 E X with // ur I/ < E, and since 
the desired estimate 
II w II G f (w, 4 + Yll u II + M, 
which guarantees the strong quasi-boundedness of T follows. 
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A consequence of Theorem 8 and of Proposition 14 is Theorem 11 
which for pseudo-monotone mappings To is obtained by a different 
method also in Figueiredo [I 11. 
THEOREM 11. Let the space X be reflexive, and let T, : X -+ 2x’ 
be a regular generalized pseudo-monotone mapping such that 
(5 4 2 - k II *II f or some constant k and all [u, z] E G( T,). Suppose 
that for a given R > 0 and any [u, z] E G( T,,) with /I u /I = R, 
x $6 - AJU for all h > 0. 
Then 0 lies in TOuO for some u,, in D( T,,) with j( u0 [j < R. 
Proof. Let TR be the following operator introduced by Rocka- 
fellar [14]: 
TRU= iru, h >. ;: ~~"/~ 2; 
u 
Then TR is maximal monotone, and since TR has 0 as interior point of 
its domain, it is strongly quasi-bounded by Proposition 14. By Theo- 
rem 8, the mapping TR + T, is regular generalized pseudo-monotone, 
and Theorem 2 implies that there exists an element z+, in the closed 
ball Ba(0) in X with radius R around the origin such that 
0 E(TR + To) ~0 (remark that the boundedness condition on 
(TR + To)-l is vacuous since D(TR) is bounded). We assert that 
11 u. 11 < R. In fact, the assumption ]j u. II = R would lead to the 
relation - TRu, n Touo # 4 contradicting the hypothesis. But for 
11 u. 1) < R, TRuo = (O}. Hence 0 E Touo . Q.E.D. 
DEFINITION 6. For a mapping T of X into 2x* and an element u 
in D(T) we set 
Another result on perturbation of a regular generalized pseudo- 
monotone mapping is 
THEOREM 12. Let X be a reflexive space, T : X -+ 2x* a maximal 
monotone mapping with 0 E D(T), and To : X -+ 2x* a regular general- 
ized pseudo-monotone operator such that for some constant k, 
(x, u) > - k 11 u (( for all [u, z] E G(T,). We impose the following 
conditions on the mappings: 
(4 D(To) C D(T), 
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(ii) There exist two continuous functions co and cl from Rf to 
R+ with co(r) < 1 f or all r > 0 such that for each u E D( T,), 
j Tu i G c,(ll u II) I GP I + cl(ll u II). 
Then the mapping T + T, + T2 is surjective for each single-valued 
smooth operator T2 . 
Proof. We may assume without loss of generality that [O, 0] 
lies in G(T). Let T, be an arbitrary single-valued smooth operator. 
We apply the approximation of the maximal monotone operator T 
as described in Proposition 12. Since for each h > 0, the mapping 
T, + T, is again smooth, 
R(T, + T,, + T,) = X* 
by the regularity of T, . We may assume for the sake of simplicity 
that T2 = 0 and that T,, is coercive, since by Theorem 8, T,, + T2 is 
itself regular, while conditions (i) and (ii) are still satisfied by the 
mappings T and (T,, + T,). T o complete the proof of Theorem 12, 
it thus suffices to show that R(T + T,,) = X* under the latter 
assumptions. 
Let f. be an arbitrary element of X*. For each h > 0, we consider 
the decomposition off,, in the form 
with wA E T,,u, , z,, E T,,un , for some element uA E X. By Proposition 
13, it suffices to prove that the elements (uJ and (w,> are uniformly 
bounded for 0 < h < A, . The uniform boundedness of (u,> follows 
immediately from the uniform coercivity of the mappings TA + T, , 
0 < h < A, . 
By definition of the mapping T,, , for each h > 0 there exists an 
element xA E X such that 
WA E TX, , hWA EJki - 4 
Since xA E T,u, , uA lies in D(T,) and hence in D(T). If we apply 
Aw, to the element u,, - xx , we obtain 
II % - XA II2 = A(% , u.4 - XA). 
Let w be a point in TuA . Then 
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by monotonicity of T, so that 
II UA - XA II2 < h(w, % - 3,) < h II w II II % - XA II ) 
and hence 
The relation 
II UA - XA II G h II w II . 
h II WA II= II UA - XA II \< h II w II 
for each w E Tu, implies that 
for each X > 0. 
We now apply the inequality of condition (ii) of Theorem 12 and 
obtain 
II w,a II< I % I < dll UA II) I T~UA I + cdll UA II). 
Since we know that /( uh 11 < M for 0 < h < h, , it follows that there 
exist constants co < 1 and c, such that for all h in 0 < X < A, , 
On the other hand, 
Hence 
I TOUA 1 \< 11 ZA 11 < llfo /I + 11 wA I/ - 
/I wA 11 < cO(ilfO 11 + 11 wA Ii) + c1 9 
from which we conclude that 
I/ wA /I < (1 - cO)-1 cc0 Iif0 /I + c1) 
for 0 < X ,< A, . Q.E.D. 
The following result by Brtzis-Crandall-Pazy [3] is a direct conse- 
quence of the above Theorem. 
THEOREM 13. Let T and To be two maximal monotone mappings 
from a refEexive Banach space X into 2X’. Suppose that the pair T and 
To satisfies the conditions (i) and (ii) of Theorem 12. Then T + To is 
maximal monotone from X into 2x*. 
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5. VARIATIONAL INEQUALITIES 
An interesting consequence of the preceding discussion is its 
application to variational inequalities for regular generalized pseudo- 
monotone mappings. 
THEOREM 14. Let X be a reflexive Banach space, C a closed convex 
subset of X, and T,, a regular generalized pseudo-monotone mapping 
from X into 2x* such that (z, u) 3 - k 11 u 1) for all [u, x] E G(T,J and 
some constant k. Suppose that one of the following hypotheses holds: 
(a) 0 lies in the interior of C; 
(b) 0 lies in C and T, is quasi-bounded. 
Suppose further that T, is coercive on C, i.e., that there exists a 
function c : R+ -+ R1, with c(r) ---f + cg as r --+ cx) such that 
(z, u) 3 ~(11 u 11) jju // for all [u, x] E G(T,) with u E C. 
Then for each f,, in X*, there exists at least one element [uO , zO] E G( T,,) 
with u0 in C such that 
(fo - zo 7 24 - uo) < 0 (6) 
for all u in C. 
Proof. We define a maximal monotone mapping T, from X into 
2X’ by setting 
T,u={w~X*:(w,u-w)>O for all 9 E C) 
for u E C, and T,u = 9, otherwise. We note that the maximal mono- 
tonicity of T, follows from Theorem 7.10 of [9], and that for u E C, 
0 lies in Tou, so that D(T,) = C. Hence, if C has 0 as an interior 
point, T, is strongly quasi-bounded by Proposition 14. 
The variational inequality (6) for a given [uO , so] E G(T,,) with 
u. E C is equivalent to the condition that 
fo - ~0 E Tcuo 9 
i.e., f. E (T, + T,,) u. . The conclusion of Theorem 14 then follows 
from Theorems 8 and 2. 
For pseudo-monotone mappings, the assertions of Theorem 14 
can be considerably strengthened. 
DEFINITION 7. Let C be a closed convex subset of the reflexive 
Banach space X, T a mapping from C into 2x*. Then T is said to be 
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pseudo-monotone from C into 2 X* if the following conditions hold: 
(a) For each u E C, the set Tu is nonempty, bounded, closed 
and convex in X*. 
(b) For each finite-dimensional subspace F of X, T is upper 
semicontinuous from C n F into 2X*, with X* given its weak topology. 
(c) If {ZQ} is a sequence in C converging weakly to u E C, if 
wi E Tu, for each j, and if 
lim sup(wj , ui - 24) < 0, 
then for each z, E C there exists an element W(V) E Tu such that 
lim inf(wj , ui - v) > (w(v), u - v). 
THEOREM 15. Let X be a reflexive Banach space, C a closed convex 
subset of X with 0 E C, and T a pseudo-monotone mapping from C into 
2x*. Suppose that T is coercive on C, i.e. that there exists a function 
c(r) from R+ into R1 with C(T) ---t + co as r -+ co, such that for each 
u E C, w E Tu, we have (w, u) > ~(11 u 11) 11 u jl . 
Then for each fO in X*, there exist u,, E C and w, E Tu, such that 
for all u in C. 
(fo - wo 9 24. - uo) < 0 
In the proof of Theorem 15 we shall apply 
PROPOSITION 15. Let K be a compact convex subset of the reflexive 
Banach space X and T a mapping from K into 2x* such that for each u 
in K, Tu is a nonempty, bounded, closed and convex subset of X*. Sup- 
pose that T is upper semicontinuous from K into 2x*, with X* being 
given its weak topology. Then there exists an element u,, of K and an 
element w,, of Tu, such that 
for all u in K. 
two 3 u - 240) ,< 0 
Since a compact convex subset of a reflexive space is weakly com- 
pact, the assertion of Proposition 15 is implied by Theorem 6 in [5]. 
We use the above Proposition in the proof of the following 
PROPOSITION 16. Let C be a closed convex subset of the rejlexive 
Banach space X such that 0 E C, and let F be a Jinite-dimensional 
subspace of X. Let T be a mapping from C n F into 2” such that for 
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each u in C n F, Tu is nonempty, bounded, closed and convex in X*. 
Suppose that T is upper semicontinuous from C n F to the weak topology 
of x*7 and that T is coercive on C n F. Then there exist u,, in C n F 
and w,, in Tu, such that for all u in C n F, 
(wo , uo - u) < 0. 
Proof. By hypothesis there exists a function c from Rf into R1 
with c(r) --t + co as r + cc such that for all u E C n F and all 
w E Tu, we have (w, U) >, ~(11 u 11) /j u I/ . For each R > 0, let 
K, = C n F n BR(0). Then KR is a nonempty compact convex 
subset of X, and we may apply Proposition 15 to the mapping (- T) 
from KR into 2x* and conclude the existence of elements uR E KR 
and wR E Tu, such that 
( W RyUR- u) GO 
for all u E KR . In particular we may take u = 0 for each R > 0 and 
obtain 
( W R ,uR) < 0. 
By the coercivity of T, it follows that for all R > 0, 
with a certain constant M. 
Consider R > M. Then (1 uR 1) < M < R. For any v E C n F, 
we let u1 = (1 - t) uR + tv, 0 < t < 1. For t > 0 sufficiently small, 
we see that (/ uI I( < R. Hence 
(WRT~R - %) Go. 
Since uR - u1 = t(uR - v), we obtain 
(wR,"R -v)<@ 
This last relation being true for all v E C n F, we conclude that each 
such pair [uR , wR] satisfies the assertions of Proposition 16. 
Proof of Theorem 1.5. Let A be the family of all finite-dimensional 
subspaces F of X, ordered by inclusion. We note that if we replace 
the mapping T of Theorem 15 by the mapping Tr, with 
Tg = Tu -fo, 
then Tr, satisfies the same hypotheses as the original operator T. It 
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suffices therefore to prove the result of Theorem 15 withf, = 0, i.e., 
to show the existence of [uO , w,,] E G(T) such that 
for all 24 E C. 
(ql , uo - fJ> < 0 
By Proposition 16, for each F in A there exist UF E C n F and 
WF E TuF with 
(WF, UF - u) < 0 
for all u E C n F. Since u = 0 lies in C n F for each F, it follows that 
i.e., 
/I up 11 < M = sup{r : C(Y) < O}. 
For F E A, let 
VF = u @F’)* 
F’3F 
Then the family {VF)F&, has the finite intersection property, with 
each VF having a weakly compact weak closure in C. Therefore 
n (weakcl(vF)) # 0. 
FE.4 
Let u,, be a point of C which lies in this intersection, 
Let v E C be given. We choose FE A such that it contains the ele- 
ments us and a. Since u0 E weakcl (VF), there exists a sequence {uj) in 
VF converging weakly to uO. For each j, let Fi denote the finite- 
dimensional subspace of X containing F, such that ui E C n Fj and 
(Wj , uj - u) < 0 
for all u E C n Fi , with some wj E Tuj . In particular, u0 E Fi for each 
j; hence 
and a fortiori 
(Wj , uj - uo) d 0 
lim sup(wj , uj - uo) < 0. 
By the pseudo-monotonicity property of T, it follows that for the 
given v E C there exists an element w(v) E Tu, such that 
lim inf(wj , Uj - U) > (W(W), U. - W). 
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Since (Wj , uj - V) < 0 for each j, we infer that 
(w(fg, ug - v> < 0. 
This last relation holds for an arbitrary element v E C. 
To conclude the argument, we now assert that there exists a single 
element w E Tu,, such that for all v E C, 
(w, ug - ?I) < 0. 
Indeed, suppose this is not true. Then for each w in Tu, there exists 
V(W) in C such that 
(w, 210 - v(w)) > 0. 
For each v in C, let 
U, = {w : w E Tu, , (w, u. - v) > O}. 
Then each U, is an open subset in the weak topology on the weakly 
compact set Tu, in X*, and the family {U, : v E C) covers Tu, . 
Hence, there exists a finite covering of Tu, by {Uel ,..., U,l) and a 
corresponding partition of unity on Tu, given by {q ,..., ois}, where 
each 01~ is a continuous function from Tu, in its weak topology to 
[0, l] which vanishes outside the corresponding U,, and with 
& aj(w) = 1 for each w in Tu, . Using this family of functions, we 
define a continuous mapping h from Tu, in its weak topology to C by 
setting 
h(w) = i aj(W) wj . 
j=l 
Then for each w in Tu, , we have 
(w, uo - h(w)) = i aj(w) (w, ug - Vj) > 0, 
j=l 
since for any j for which aj(w) > 0, w lies in Uvf and (w, ua - v~) > 0. 
On the other hand, for each v E C let 
SW = {w : w E Tu,, , (w, u. - v) < 01. 
Then Sv is nonempty by the preceding results, and Sv is a closed 
convex subset of Tu, . S is an upper semicontinuous mapping from C 
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into 2Tuo, with Tu, given its weak topology. If we set R : Tu, -+ 2Tuo 
to be 
Rw = S@(w)), 
then R is upper semicontinuous from the weak topology on Tu, to 
2ru0, with Tu, given its weak topology in the image space, while for 
each w in Tu, , Rw is a nonempty, closed, convex subset of Tu, . 
Hence, by the Tychonoff theorem [S, Theorem 41, R has a fixed 
point wi in Tu, , i.e., wi E Rw, . Hence 
Wl E @(w,)), (WI , %l - h(Wl)) < 0 
and at the same time 
(Wl > 110 - h(wu,)) > 0. 
This is a contradiction which follows from the assumption that there 
exists no element w in Tu, such that 
for all z, E C. Hence there exists such an element w, and the proof of 
Theorem 15 is complete. 
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